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Abstract 

In this paper some reaUzation of (7Zq(n)-covariant oscillators is ob- 
tained when g is a root of unity. And the 5(/g(n)-covariant q-Virasoro 
algebra is presented by using the gf/g(n)-covariant oscillators. 

1 Introduction 

Quantum groups or q-deformed Lie algebra implies some specific deforma- 
tions of classical Lie algebras. 

From a mathematical point of view, it is a non- commutative associative 
Hopf algebra. The structure and representation theory of quantum groups 
have been developed extensively by Jimbo [1] and Drinfeld [2]. 

The q-deformation of Heisenberg algebra was made by Arik and Coon [3], 
Macfarlane [4] and Biedenharn [5]. Recently there has been some interest in 
more general deformations involving an arbitrary real functions of weight 
generators and including q-deformed algebras as a special case [6-10]. 

In this paper we review the glq{n) oscillator algebra [11,12] and its repre- 
sentation when g is a root of unity. In this case we obtain some realizations 
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of the algebra. We use these resuhs to present 'new' extension of q-Virasoro 
algebra which I call the 5f/q(n)-covariant q-Virasoro algebra. 

2 ^/g(n)-Covariant Oscillator Algebra 

5'/g(n)-covariant oscillator algebra is defined as [11,12] 

aiUj = ^/qajCii, {i < j) 
1 r ■^ 

ttittj = -^CijO'i, < 3) 

diaj = ^fqa^ai, {i ^ j) 
aitti = 1 + qaitti + {q - l)E^^^_^iafeajt, (i = 1, 2, • • • , n - 1) 

[Ni, ttj] = -SijUj, [Ni, Uj] = SijUj, = 1, 2, • • • , n) (1) 

Here Ni plays a role of number operator and ai{ai) plays a role of an- 
nihilation(creation) operator. Prom now on, we restrict our concern to the 
case that q is an N-th primitive root of unity, q = e^'^'^l^ , Prom the above 
algebra one can obtain the relation between the number operators and mode 
opeartors as follows 

a,a, = g^™^'=[iV,], (2) 
where \x\ is called a q-number and is defined as 



q-\ 

Let us introduce the Fock space basis |ni, n2, ■ ■ ■ , > for the number 
operators Ni, N2, ■ ■ ■ , Nn satisfying 

Ni\ni,n2,---,nn>^ni\ni,n2,---,'nn>, (ni, 712, • • • , = 0, 1, 2 • • •) (3) 
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Then we have the following representation 

ai\ni, n2, - ■ ■ ,'n„ >= ^g^IWi"'^ [ni\\ni, ■ ■ ■ , - 1, ■ ■ ■ , n„ > 

ai\ni,n2, • • • , n„ >= Y^g^fc=«+i"'= [n^ + l]|ni, • • • , + 1, • • • , n„ > . (4) 

From the above representation we know that there exists the ground state 
|0, 0, ■ ■ ■ , > satisfying aj|0, >= for all i = 1,2, ■ ■ ■ ,n. Thus the state 
\ni,n2, ■ ■ ■ ,nn > is obtatind by applying the creation operators to the ground 
state |0, 0, • • • , > 

\ni,n2,- ■ ■ ,nn >= —/= "' ^ :|0, 0, ■ ■ ■ , > . (5) 
^J[nl]\■■■[nn]\ 

If we introduce the scale operators as follows 

Q, = g^% (z = l,2,---,n), (6) 
we have from the algebra (1) 

[ai,ai] = QiQi+i ■■■Qn- (7) 
Acting the operators Qi's on the basis |ni, n2, • • • , n„ > produces 

Qi\ni,n2, ■■■ ,nn>^ g"*|ni,n2, • • • ,n„ > . (8) 
In this representation the following relations are true: 

Kia,r]=q'-''[n\Qi---Qn{air-' (9) 

We must notice that if g is a N-th primitive root of unity, the dimension of 
the representation space becomes finite. In this case we obtain the following 
operator identities; 

af = (uif = 1 (10) 
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3 First Realization 



The q-deformation of the Bargmann-Fock reptesentation of glq{n) oscillators 
is realized by going over the space of analytic function of n complex variables 
Zi, - ■ ■ ,Zn such as < (1 — g)^^, where the operators a^, aj, are defined 

^. _ 7^1/2 ... ^1/2 
_ 1^^1/2 rrl/2 ^-Tj 

zr^'"'^^ l-q 

iV. = = (11) 
Here 7] is a scaling operator satisfying 

and the relation between Tj and Ni is 

It can be easily checked that (11) satisfy the glq{n) covariant oscillator algebra 
(!)• 

In the space of analytic n- variable function f{zi,---,Zn) , there exists an 
inner product such as 

(/, 9)= j (n-Li(iJ^i)/i(^i, ■ ■ ■ , Zn)fizi, Zn)g{zi, ■ ■ ■ , z^) (12) 
where the measure function //(zi, • • • , 2;„)is defined as 

//(^i, • • • , z„) = ^IiUi.expM^i?))~' (13) 
where q-exponential function is defined as 

expg(x) = E^Q|--jy. 



The q-exponential function satisfies the following recurrence relation 



expg{qx) = [!-(!- q)x] exp^(x) (14) 

Prom the above definition of the inner product, one can obtain the or- 
thonormal basis in the space of analytic n-variable function as follows 

Un{zi,---,Zn) = ' (15) 



/nr=iN! 

Then we can easily see that 

{Un,Um)=Snm (16) 

where we used 



/ \''eg{qx)-^dqX=[n]\ (17) 

J 

4 Second Realization 

Let S'iv be the discretized circle with points only at the positions of N-th 
primitive root of unity, 

5^, = {l,g,g^•.•,g^-^}. 

Then the basis function of glq{n) covariant oscillator system becomes a n 
variable function f{q^^,q'^'', • • • , g"") defined on the domain Sn<S)Sn'^- ■ •<E)5'iv 
( n-copies) . Now we define the action of the exponetials of the position and 
momentum operators 

g'^") = /(g'^S • • • , g"'-\ • • • , g""), 
{9^^W'\■ ■ ■ , g"% ■ ■ ■ , g"") = g"7(g"S • • • , g"% g"^+^-' • • • , g""-') 
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where rii = 0,1, ■ ■ ■ , N — 1. When g is a N-th primitive root of unity , they 
satisfy 

higi = qgihi, 
9i9j = (19j9i < j), 

9f = h^ = l 
hi9j = gjhi {i ^ j) 

hihj = hjhi (18) 
Then and Oj operators in algebra (1) are reahzed as follows 



di = 9: 



It can be easily checked that the above realization obeys the glq{n) covariant 
oscillator algebra. From the above realization we can easily see that the o^'s 
are idempotent while a^'s are nilpotent; 

{a,f = 1 

af = (20) 

5 ^/g(n)-Covariant q-Virasoro Algebra 

Finally we would like to to mention that the realization of the glq{n) oscillator 
algebra may be used to construct the gi/g(n)-covariant q-Virasoro algebra. 
Like the q-Virasoro generator [13], we introduce the as follows 

Z» = (a,r+'a, (21) 
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which lead to the algebra 

{i<j) (22) 

If we redefine the operators through 

i^-QT'---Q^^ (23) 

we then have the following algebra 

L(pL<£ = q^^L'£L(p, {Kj) (24) 

which goes to the n-copies of the ordinary Virasoro algebra in the g — >■ 1 
limit. However, when ^ is a root of unity, it is something new although we 
do not know its meaning and physical application. 

6 Concluding Remark 

In this paper we studied the 5r/g(n)-covariant multimode oscillator algebra 
and some of its realization when the deformation parameter q is an N-th 
primitive root of unity. In this realization we found that the q-creation 
operator is idempotent while the q-annihilation operator is nilpotent, so the 
representation space becomes finite dimensional. We used these results to 
construct the 5'/g(n)-covariant q- Virasoro generator and to find the new kind 
of deformed Virasoro algebra which I call the 5rZ^(n)-covariant q- Virasoro 
algebra. 
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